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QQ , Abstract. We express the kernel of Griffiths' Abel-Jacobi map by using the inductive limit 

of Deligne cohomology in the generalized sense (i.e. the absolute Hodge cohomology of A. 
Beilinson). This generalizes a result of L. Barbieri-Viale and V. Srinivas in the surface case. 
We then show that the Abel-Jacobi map for codimension 2 cycles and the Albanese map are 
bijective if a general hyperplane section is a surface for which Bloch's conjecture is proved. 
In certain cases we verify Nori's conjecture on the Griffiths group. We also prove a weak 



r^ , Lefschetz-type theorem for (higher) Chow groups, generalize a formula for the Abel-Jacobi 



map of higher cycles due to Beilinson and Levine to the smooth non proper case, and give 
a sufficient condition for the nonvanishing of the transcendental part of the image by the 
Abel-Jacobi map of a higher cycle on an elliptic surface, together with some examples. 



J^ ' Introduction 

Let X be a smooth projective complex surface. D. Mumford [41] showed that the kernel 
of the Albanese map CHo(A)'^ —>■ Alb(A) is 'huge' if A has a nontrivial global 2-from (i.e. 
On ■ ii pg{X) 7^ 0). Then S. Bloch [9] conversely conjectured 

^ : (0.1) The Albanese map CHo(A)° -^ Alb(A) is injective if Pg{X) = 0. 
-)— > ■ 

■ ' This conjecture was proved in [13] if X is not of general type, but the general case still 
remains open, see [3], [31], [54], etc. Related to this, L. Barbieri-Viale and V. Srinivas [2] 
(see also [29], [46]) constructed an exact sequence 



Hl{X,Z{2)) ^ Iin^i7|,(f/,Z(2)) ^ CHo(A)0 -^ Alb(A), 
u 

where U runs over the nonempty open subvarieties of A, and Hjy{U, Z(2)) denotes Deligne 
cohomology. This describes the kernel of the Albanese map, and follows also from the 
local-to-global spectral sequence in the theory of Bloch-Ogus [14]. 

In this paper, we generalize this to the higher dimensional case, using Deligne coho- 
mology in a generalized sense. The notion of Deligne cohomology was first introduced by 
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2 MORIHIKO SAITO 

Deligne in the case X is smooth and proper. It is a natural generahzation of the first two 
terms of the exponential sequence (see [25]). The generalization to the open or singular 
case was first done by A. Beilinson [4] and H. Gillet [29], where the weight filtration was not 
used. Later Beilinson [5] found a more natural generalization from the view point of mixed 
Hodge theory, which he calls absolute Hodge cohomology, and denotes by ifj^(X, A(/c)), 
Hl^p (X, A{k)), where A is a subring of M. In this paper we denote them by H^{X, A(/c))', 
H'jy{X,A{k)y' respectively, see (1.1). 

Let CH^j^^(X) be the subgroup of CH^(X) consisting of cycles homologically equivalent 
to zero. There is Griffiths' Abel-Jacobi map to the intermediate Jacobian Jp{X). Its kernel 
is described by using Deligne cohomology as follows: 

0.2. Theorem. Let X be a smooth proper variety over C For any integer p, there is a 
canonical exact sequence 

Hi^-\X, Z{p)) -. \m^Hl^-\X \ y, Z{p))" -. CHL„(X) -. J^{X), 

Y 

where the inductive limit is taken over the closed suhvarieties Y of X with pure codimension 
p — 1. Here H.^ {X \ Y, Z(p))" may he replaced by H^ {X \ Y, Z(p))' in general, and 
by H^~\X\Y,Z{p)) ifp = dimX. 

For the proof of this, we study the cycle map to Deligne homology of a singular variety. 
Using the compatibility of the cycle map with the localization sequence (2.7), Theorem 
(0.2) is reduced to 

0.3. Theorem. For a variety Y of pure dimension m, the cycle map induces isomorphisms 
d : CR\Y) ^ H^^_^{Y,Z{m - I))" = H^^_^{Y,Z{m - I))'. 

Ifm = l, this holds also for H^^_2{Y,'L{m — 1)). 

Indeed, using the localization sequence, we can reduce it to the smooth case (see (3.1) 
below), because a similar isomorphism for CH (y, 1) is already known, see [32, 3.1]. It is 
also possible to describe C¥i^^^{Y) by using the normalization of Y , see (3.5). This may 
be useful for explicit calculation. 

As another application of (0.3), we prove (see (3.13)): 

0.4. Theorem. Let X be a smooth projective complex algebraic variety of dimension n, 
and Y be an intersection of n — 2 general hyperplane sections of X . Assume Y has no 
global 2-forms and the Albanese map is infective for Y , i.e. Block's conjecture (0.1) holds. 
Then the Albanese map for X and the Abel-Jacobi map for cycles of codimension 2 on X 
are bijective. 

The proof of the injectivity of the Albanese map is relatively easy, and it implies the 
surjectivity of the Abel-Jacobi map for cycles of codimension 2, see [26]. For the injectivity 
of the latter we show (see (3.11)): 

0.5. Theorem. Let X be an irreducible smooth proper complex algebraic variety. Let 
f : X ^> S be a surjective morphism to a smooth variety S . Assume that general fibers 
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Xs of f are connected and have no global 2-forms, and the Abel-Jacobi map for cycles of 
codimension 2 on general fibers is injective. If H^{Xs,Q) ^ for a general s E S, we 
assume further that S — F^ and the restriction morphism H'^{X,Q) -^ H^{Xs,Q) is an 
isomorphism for a general s E S . Then the kernel of the Abel-Jacobi map tensored with Q 
for cycles of codimension 2 on X comes from that on S . 

This implies under the assumption of (0.5) that Nori's conjecture [42] on the Griffiths 
group [30] for X is true if it holds for S (e.g. if dim 5" < 2), see also (3.14) below. 
Recall that the conjecture predicts an isomorphism between the Griffiths group for cycles 
of codimension 2 and the quotient of the image of the Abel-Jacobi map divided by the 
maximal abelian subvariety (and is equivalent to that Abel-Jacobi equivalence is stronger 
than algebraic equivalence). This conjecture can be deduced from a well-known conjecture 
of Beilinson [6] and Bloch [9] on a conjectural filtration of the Chow groups (assuming the 
Hodge conjecture). The hypothesis on the vanishing of if^(Xs,Q) in (0.5) is satisfied if 
general fibers Xg are surfaces of general type (see e.g. [52]). 

Under the assumption of (0.4), X has no global p-forms for p > 1, and this is compat- 
ible with [44] . It is conjectured that the injectivity of the Abel-Jacobi map for cycles of 
codimension 2 on X in (0.4) should hold by assuming only that X has no global 2-form. 
The hypothesis on Bloch's conjecture (0.1) in (0.4) is satisfied at least if y is not of general 
type, see [13] (and also [3], [31], [54], etc.) The assumption on X in (0.4) is satisfied for 
example by cubic threefolds (see also [17]) and smooth complete intersections of degree 
(2,2) in P^. There are other examples because any smooth projective variety is a gen- 
eral hyperplane section of any P^-bundle having a section over it (choosing a projective 
embedding appropriately). In some cases we can show that algebraic and homological 
equivalences coincide for cycles of codimension 2, see [1] and also (3.17) below. Note that 
the Griffiths group is not finitely generated for general Calabi-Yau threefolds [56]. 

As another application we have a weak Lefschetz-type theorem for Chow groups (see 
(3.15), and for a similar assertion about higher cycles, see (3.16)): 

0.6. Theorem. Let X be a smooth projective complex algebraic variety. Take a Lefschetz 
pencil f : X ^' S := F^ where n : X -^ X is the blow-up along an intersection of two 
generic hyperplane sections. Let S' be any nonempty open subvariety of S over which f is 
smooth. Assume dimX > 4. Then ( E CH^qj^(X) is zero if its restriction to Xg := f~^{s) 
vanishes for any s E S' . 

Concerning Bloch's conjecture (0.1), it is known [33] that the conjecture is related to 
the surjectivity of the cycle map 

d : CRP{X, 1) ^ HlP-\X,Z{p))" 

for certain smooth nonproper varieties X (see also (3.3) below). Here CH^(X, m) denotes 
Bloch's higher Chow group [10]. In the smooth proper case, Beilinson [5] and Levine [37] 
described the cycle map explicitly by using currents like for Griffiths' Abel-Jacobi map. 
In this paper, we extend this to an explicit description in the smooth nonproper case, see 
(4.3). 

Let us return to the case of a smooth proper surface X. By [15], the conclusion of 
(0.1) would imply the decomposability of CH (X, 1)q (i.e. it is generated by the image 
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of Pic(X) ®i C*), see also [26]. So it is conjectured that CH {X, 1)(| is decomposable if 
Pg{X) = 0. Thus it would be interesting whether the reduced higher Abel-Jacobi map 

(0.7) CHL(^,1)q ^ J{H''{X,Z){2))Q/m{X)Q®^C*, 

which is induced by the above cycle map, is injective in general. Here C}if^^{X, 1)q is the 
quotient of CH^(X, 1)q by the image of Pic(X)(Q (g)^ C*, see (2.2.3) and (4.5.1) below. 

This injectivity is related to Voisin's conjecture [55] on the countability of C'ii^^^{X, 1)q, 
because the image of the reduced higher Abel-Jacobi map (0.7) is countable [40]. The kernel 
of this map is isomorphic to 

Coker(K2(C(X))Q ^ lir9HomMHs(Q, ^^^'(t^, Q)(2))) 

u 

by [43], [46], where the morphism of K2{C{X))q is given by (ilogArflog at the level of 
integral logarithmic forms, and the inductive limit is taken over the nonempty open sub- 
varieties U oi X (see also [5], 6.1). This isomorphism follows easily from the localization 
sequence of mixed Hodge structures together with the fact that the residue of d log fAd log g 
coincides with the logarithmic differential of the tame symbol of {/, g} up to sign. It holds 
also for open subvarieties U if H^{U, Q) = 0. 

In view of these considerations we are interested in constructing examples of indecom- 
posable higher cycle such that the transcendental part of its image by the higher Abel- 
Jacobi map does not vanish (i.e. its image is not contained in the image of F^i7^(X, C) 
in the Jacobian). We give a sufficient condition for it together with some examples in the 
case of elliptic surfaces, see (5.2-3) below. (In an earlier version of this paper, such an 
example was constructed by calculating period integrals of elliptic curves and using double 
integration.) Another example satisfying the above property is found independently by P. 
del Angel and S. Miiller-Stach [21]. The support of our cycle is irreducible, and is a fiber 
of an elliptic surface. Such an example does not seem to have appeared in the literature. 

I would like to thank A. Rosenschon and L. Barbieri-Viale for useful discussions. 

In Sect. 1, we review some basic facts from the theories of Deligne cohomology and 
mixed Hodge Modules which are needed in this paper. In Sect. 2, we recall the definition 
of Bloch's higher Chow groups and the cycle map. In Sect. 3 we prove the main theorems 
(0.2-5) and some related assertions. In Sect. 4 we describe explicitly the cycle map for 
higher cycles, and construct examples of indecomposable higher cycles in Sect. 5. 

In this paper a variety means a separated scheme of finite type over C. All sheaves are 
considered on the associated analytic spaces, and H^{X''^^, Q) is denoted by H^ (X, Q). 



1. Deligne cohomology and mixed Hodge Modules 

1.1. Deligne cohomology (see [4, 5, 21, 23, 25, 27, 32], etc.) Let X be a smooth 
variety, and X a smooth compactification of X such that D := X \ X is a divisor with 
normal crossings. Let j : X ^ X denote the inclusion morphism. Let A be Z or Q for 
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simplicity in this paper. Then A-Dehgne cohomology Hjy{X,A{k)) is defined to be the 
i-th hypercohomology group of 

C^(^j,^A{k) := C{Kj,Axik) © a>fcO^(logi?) ^ Rj;o;,)[-l], 

where Ax{k) = {2ni)^Ax C Cx- 

For a complex variety X in general, let K = {Ka, {Kq, W), (i^c, F, W)) be the complex 
of graded-polarizable mixed A-Hodge structures corresponding by [5, 3.11] to the mixed 
Hodge complex calculating the cohomology of X which is defined by using a simplicial 
resolution of a compactification oi X as in [22]. Let MHS(A)p (resp. MHS(A)) denote the 
abelian category of graded-polarizable (resp. not necessarily graded-polarizable) mixed 
A-Hodge structures. Then we define A-Deligne cohomology in the generalized sense by 

Hi,{X, A{k)) = H\C{KA{k) © F'^Kc -> Kc) [-1]), 
H\,{X,A{k)y = miou,Mns[A){A,K{k)\i\), 
Hi,iX,A{k))" = KRomMusiA)AA,K{k)\i]). 

The last two are called absolute Hodge cohomology in [5], and denoted respectively by 
H^(X,A(k)), H^p{X,A{k)). By loc. cit. we have natural morphisms 

H^X, A{k)r ^ HUX, A{k)y ^ Hi,{X, A{k)). 

Similarly, let K' = (K^, (Kq, W), {K^, F, W)) be the dual of the complex of graded- 
polarizable mixed A-Hodge structures corresponding by [5, 3.11] to the mixed Hodge com- 
plex calculating the cohomology with compact support of X which is defined by using a 
simplicial resolution of a compactification of X together with that of the divisor at infinity. 
Then we define A-Deligne homology in the generalized sense by 

i^f (X, A{k)) = H-\C{K'A{-k) © F-^K'^ -. Ki)[-1]), 

iff (X, A(A;))' = RHomMHS(A)(Ai^'(-A:)H]), 
Hf{X,A{k))" = m{ouvMns{A)v{A,K\-k)[-i]). 

We have also natural morphisms 

iff (X, A{k))" -. Hf{X, A{k)y -. iff (X, A{k)). 

If X is smooth of pure dimension n, then K = K'{n)[2n] so that 

(1.1.1) HfiX, A{k)) = Hl^-\X, A{n -k)), 

and similarly for Hf'{X,A{k)y, Hf{X,A{k)y'. 

For a mixed A-Hodge structure H = {Ha, (Hq, W), {He, F, W)) and an integer k, we 
define 

J{H{k)) = Hc/iHA{khee + F^Hc), 

J'{H{k)) = W2kHc/{{W2kHA){khee + F'^Hc), 
J"{H{k)) = W2k-lHc/{{{W2kHA){khee + F'^ He) n W2k-lHc), 
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where HA{k)iree = HA{k)/HA{k) tor- We define also 

F''W2kHA{k) = Ker {HA{k) -^ Hc/F''W2kHc). 

(Similarly for F^HA{k).) Then we have short exact sequences 

^ J{H'-\X,A){k)) ^ Hiy{X,A{k)) ^F^H\X,A){k) ^0, 
(1.1.2) ^ J{W-\X,A){k))' ^ HUX,A{k))' ^ F^W2kH\X,A){k) ^ 0, 

^ J{W-\X, A){k))" -^ HUX, A{k))" ^ F^W2kH\X, A){k) -^ 0, 

because J'{H{k)) = Exti,HS(^)(^.^(^)). J"{H{k)) = ExtJ^HS(A)p(^,^(^)) by [16] and 
the semisimplicity of polarizable Hodge structures. We have also 

^ J{Hf^,{X, A){-k))" -. nnx, A{k)r 

^ F-''W-2kHf^{X,A){-k) ^0, 

etc. Here Hf^{XjA) denotes Borel-Moore homology. 

It is known that H!!p{X, ^{k)) and Hf{X, ^{k)) (together with Deligne local cohomol- 
ogy) satisfy the axioms of Bloch-Ogus [14], see [4], [29], [32], etc. In particular, we have a 
canonical long exact sequence 

(1.1.4) -. HfiY, A{k)) -. iff (X, A{k)) -. Hf{U, A{k)) -. hT_,{Y, A{k)) ^ 

for a closed subvariety y of X and U = X\Y . (This is functorial for Y , U.) Similar asser- 
tions hold for iff (X, A{k)y, Hf{X, A{k))" . (The assertion for Hf{X, Q{k))" follows also 
from [49] using (1.6) below.) We can similarly define Deligne local cohomology supported 
on y C X. If X is smooth this coincides with Deligne homology of Y. 

1.2. Remark. Let K = {Kz, {Kq,W),{Kc;F,W)]K^,{K^,W)) be a polarizable 
mixed Hodge complex in the sense of [5, 3.9]. They are endowed with (filtered) quasi- 
isomorphisms 

ai : Kz^zQ^ K'q, a2 : Kq -^ Kq, 
«3 : (Kq, W)(g)QC^ {K'c, W), «4 : (i^c, W) -^ [K'^, W) 

such that {G^Y KiQ, G^Y {Kc,^ F)) together with the isomorphism in the derived category 
GvY Kq (8)q C = G^Y Kc induced by cts, a 4^ is a polarizable Hodge complex of weight i in 
the sense of [22], i.e. G^Y {Kc^ F) is strict and H^ {GrY Kq, G^Y {Kc^ F)) is a polarizable 
Hodge structure of weight i + j. 

Let Dec W be as in loc. cit. By definition, we have a canonical surjection 

(DecM/^)oi^^^if^Gr!!;.i^Q, 

(and similarly for K^, K^). For a Q-Hodge structure H = {Hq, {He, F)) of weight 0, let 

ii(°)=HomMHs(Q,i:^), 
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which is identified with a subgroup of Hq, He- We define the subcomplex (DecM^)o Kq 
of (DecW)oKQ so that {DecWpQ ' K^ is the inverse image of {H^Gv^jKY^^ by the above 

morphism (and similarly for (DecVF)Q i^c? (DecVF)Q K^). 

Let {WqWKqJ^^^^ be the inverse image of {Gr^ H^ Kq)^^^^ by the projection of WqH^ Kq 
to Gtq H^ Kq. Since di of the weight spectral sequence is a morphism of Hodge structures, 
we can show the canonical quasi-isomorphism 

T<,(DecW)i°^KQ/r<,(DecH^)f i^Q ^ {WoH^ Kq)^'^\ 

and similarly for Kc,K^. 

We define a complex T{D'^K) to be the single complex associated with 

Kz © (DecM^)[,°^KQ © F\BecW)fKc ^ K'q® (DecH^)[,°^K^, 

where (j) is induced by (ai — 02) © (as — q;4), and the degree of the source of (j) is zero. 
Then, by an argument similar to [5], we can show the isomorphism 

(1.2.1) Homi?" (Z, K) = H^T{D'-l^K), 

where V denotes the category of polarizable mixed Hodge complexes in the sense of [5, 
3.9]. So we can define H^{X, Z{k))" taking a mixed Hodge complex which calculates the 
cohomology of X as in [22]. Note that (1.2.1) implies the equivalence of categories 

D''MHS(Z)P ^ V" 

in Lemma 3.11 of [5], and that it is easy to show the exact sequence 

^ E^tl,^s^^y{Z, H-'K) -^ Homx,"(Z,K) ^ HomMHS(z:) (Z, ^°^) ^ 0, 

using the truncation r. 

We can similarly define r{D'^K) ,r{D-}iK) to be the single complex associated with 

Kz © (Dec W^)oi^Q © F'^{DecW)oKc ^ K^® (Dec W)oi^o 

Kz®Kq® F^Kc ^K'q®K'c 

respectively. They can be defined also for a mixed Hodge complex K in the sense of 
[5, 3.2] (where DecVF is replaced by W). Using these, we can also define H'!p{X , Aik))' , 
H^{X,A{k)). Note that r{D'}iK) is canonically isomorphic to 

(1.2.2) Kz © F^Kc -^ K'c, 

if there is a canonical morphism a' : Ki -^ Kq such that cti = a2°ct' ■ 

1.3. Lemma. The canonical morphism H^{X,A{k)y -^ H^{X,A(k)) is an isomorphism 
^/ 

(1.3.1) W-^{X, A) and H\X, A) have weights < 2k, 
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and Hjy{X,A{k)y' -^ Hjj{X,A{k)y is an isomorphism if 

(1.3.2) Gr2fc-ff*~^(X, Q) is isomorphic to a direct sum ofQ{—k). 



We have the corresponding assertion for Deligne homology where H^ {X,A), H^{X,A) 

+] 
Proof. This is clear by (1.1.2). 



and k are replaced respectively by H^M{X, A), Hf^{X, A) and —k. 



1.4. Remark. Condition (1.3.2) is satisfied for H^p-^{X \ y, Q) with z = 2p - 1 and 
k — p, if X is smooth and y is a closed subvariety of codimension > p ~ 1. In- 
deed, Gr2^i7y'~ (-^, Q) is a direct sum of Q{—p). A similar assertion holds also for 
Gi'2^2m-^^rrf-i(^5 Q) ^^ ^ ^^ o^ pure dimension m. 

1.5. Mixed Hodge Modules (see [47]). For a variety X we denote by MHM(X) the 
abelian category of mixed Q-Hodge Modules on X, and D^M}iM(X) its derived category 
consisting of bounded complexes of mixed Q-Hodge Modules. There is a natural functor 
rat : D^MHM{X) -^ D|;(X, Q) assigning the underlying Q-complexes where L'|;(X, Q) 
denotes the full subcategory of D^{X^^jQ) consisting of Q-complexes whose cohomology 
sheaves are algebraically constructible. We denote by H^ : D^MRM{X) -^ MHM(X) the 
usual cohomology functor. 

For morphisms / of algebraic varieties we have canonically defined functors /*,/!,/*, /' 
between the derived categories of mixed Q-Hodge Modules. They are compatible with 
the corresponding functors of Q-complexes via the functor rat. For a closed embedding 
i : X ^ Y, the direct image i* will be omitted sometimes in order to simplify the notation, 
because 

(1.5.1) i* : L>^MHM(X) -^ D^MHM(y) 

is fully faithful. 

If X = Spec C we have naturally an equivalence of categories 

(1.5.2) MHM(SpecC) = MHS(Q)p. 

Here the right-hand side is as in (1.1). So MHM(SpecC) will be identified with MHS(Q)p. 
We denote by Q(i) the mixed Hodge structure of type (— j, — j) whose underlying Q- 
vector space is (27ri)-'Q C C, see [22]. For a variety X with structure morphism ax '■ X ^ 
SpecC, we define 

(1-5.3) Qf(j)=a3,Q(j), ©f(j) = ax 



so that Df (j) is the dual of Qf (-j). We will write Qf for Qf (0), and similarly for lu^^- 



u siiiiiiai ly iui JL 

If X is smooth of pure dimension n, we have a canonical isomorphism 



(1.5.4) Df = Qf(n)[2n] 
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1.6. Proposition. With the notation of (1.1) and (1.5) we have canonical isomorphisms 

HUX, Q{k))" = Ext^(Q, (ax)*Qf (fc)), 
Hf{X, Q{k))" = Ext-*(Q, (ax)*D:^(-A;)). 



Proof. In the case A = Q, we have canonical isomorphisms K = {ax)*Qx^ ^' ~ {'^x)*^^ 
by [50]. 

1.7. Remark. Let X be a reduced variety of pure dimension n, and Xi be the irreducible 
components of X. Let Rat(X)* = ]^Rat(Xi)* with Rat(Xi) the rational function field of 
Xi. Then by [27, 2.12], [32, 3.1] we have a canonical isomorphism 

(1.7.1) HZ-AX, Z(n - 1)) = {ge Rat(X)* : d\y g = 0}, 

where div g = '^diy gi if g = (gi) with gi G Rat(Xj)*. (Here (1.3.1-2) are satisfied.) 

If X is smooth, this is due to [27, 2.12]. In this case, the left-hand side of (1.7.1) is 
isomorphic to Ext (Zx, Zx(l)) (where Ext is taken in the category of admissible variation 
of mixed Hodge structures), and the assertion is related with the theory of 1-motives 
[22], and is more or less well-known. Indeed, if X is a point, the assertion is verified 
by calculating the period of the mixed Hodge structure on H^(A^ \ {0}, {1} U {x}) for 
X G C \ {0, 1}, i.e., by using the integral of dt/t on the relative cycle connecting {1} and 
{x}, where t is the coordinate of A^. The general case is reduced to the smooth case using 
a long exact sequence, see [32, 3.1]. 



2. Higher Chow groups and cycle maps 

2.1. Higher Chow groups ([10]). Let A" = Spec(C[to, . . . , tj /(^t, - 1)). For a subset 
/ of {0, . . . , n}, let A J = {ti = {i E I)} C A". It is naturally isomorphic to A"^ with 
m = n — |/| (fixing the order of the coordinates), and is called a face of A"^. For < z < n, 
we have inclusions Li : A"~^ -^ A" such that its image is A|o . 

Let X be an equidimensional variety. Then X x Ay is also called a face of X x A"^. 
Following Bloch, we define ZP{X,n) to be the free abelian group with generators the 
irreducible closed subvarieties of X x A"^ of codimension p, intersecting all the faces of 
X X A"^ properly. We have face maps 

di ■.ZP{X,n)^ZP{X,n-l), 

induced by Li. Let d = X](~l)*^i- Then d'^ = 0, and CH^(X, n) is defined to be Kerd/lmd 
which is a subquotient of ^^(X, n). By [10] it is isomorphic to 

^2 1 1) no<.<nKer(a, : Zp{X, n) -. Z^X, n-l)) 



5n+i(no<.<nKer(a. : ZP{X,n+l) ^ ZP{X,n))) 
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Indeed, let Z'p{X, • )' be the subcomplex of Z'p{X, • ) defined by 

ZP{X,n)' = C\ Ker(ai : ZP{X,n) ^ ZP{X,n-l)). 

Then the inclusion induces a quasi-isomorphism 

(2.1.2) ZP{X,')' ^ ZP{X,'). 

(For this, we can consider first the subcomplex defined by Ker^o, using a homotopy given 
by the zeroth degeneracy, and then proceed inductively.) 

2.2. Remarks, (i) In this paper we are mainly interested in CH^(X, n) for n = 0, 1. 
If n = 0, it is the usual Chow group. If n = 1, any higher cycle C, G CH^(X, 1) can 
be represented by ^j{Zj, Qj) where Zj are irreducible (and reduced) subvarieties of X 
with pure codimension p — 1 and Qj are rational functions on Zj such that "^jdiv Qj = 0. 
Indeed, such elements modulo the relation given by the tame symbols form an abelian 
group HP~^(X, ICp) using the Gersten resolution, where /Cp is the Zariski-sheafification of 
the Quillen iiT-group. It is well known (see e.g. [40]) that there is a natural isomorphism 

(2.2.1) HP-\X,}Cp) = CBP{X,l). 

For each ^j{Zj, Qj), the corresponding higher cycle is defined by taking the closure of the 
graph of Qj in X X P^, and then restricting it to the complement of X x {1}. Here we 
use an automorphism of P^ sending 0, 1, oo to 0, oo, 1 respectively (or rather take another 
affine coordinate of P^). 

(ii) If we assume Qj = const in the above Remark, we get a natural morphism 

(2.2.2) CRP-\X)^C* ^CRP{X,1). 

Its image is denoted by CH^~ {X, 1), and is called the subgroup of decomposable higher 
cycles, see [19], [40], etc. We define the group of indecomposable higher cycles by 

(2.2.3) CHf-,^(X, 1)q = CH^-i(X, 1)q/CH^-'(X, 1)q. 

2.3. Functoriality. Let f : X ^ Y he a, proper morphism of varieties, and put r = 
dimX — diniy. Then we have the pushforward functor 

/, : CHP(X,n) -^ CHP-^(y,n). 

In fact, for a face map t : A"^ — > A"^, Bloch showed the commutative diagram 

ZP{X,n) '* ) ZP{X,m) 



/. 



/. 



ZP-'^iX.n) — ^ — > ZP-^'iX.m) 
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As for the pull-back, we have /* : CBP{Y, n) -^ CHP(X, n) if / is flat. In the case X, Y 
are quasi-projective and smooth, we have /* : CH^(y, n)Q — > CH^(X, n)Q by [38]. Here we 
have a quasi-isomorphic subcomplex 2^{Y, • )q of Zp{Y, • )q on which the pull-back /* is 
naturally defined. 

2.4. Cycle map. Let X be an equidimensional variety. By [4], [11], [23], etc., we have a 
cycle map 

(2.4.1) d : CH^(X,n) ^ hZU^ , Qid))" , 

where d = dimX —p. The target becomes H^~"'{XjQ{p))" by (1.1.1) if X is smooth. 
Using mixed Hodge Modules [48], the cycle map (2.4.1) is defined as follows. 

Let S'^-^ = U^{i} C A", t/ = A" \ 5"-i with the inclusion morphisms i : 5""^ -^ 
A'",j lU^A''. Then 

(2.4.2) {aAr^)*J\Q§ = Qpt[-n], 

where oa" : A" -^ pt := SpecC is the structure morphism. Let ( = ^k'^k[Zk] ^ 
f^Q^^^^Ker^i C Z'P{X,n) (see (2.1)), where Z^ are irreducible closed subvarieties of X x 
A"^. Let d' = dimZfc = d + n. Put Z = [J^ Z^. Then the coefficients n^ of Z^ induce a 
morphism 

(2.4.3) Qf ^ e,ICz,Q^[-rf'] ^ B^{-d')[-2d'] ^ B^^^4-d')[-2d'], 

where lCz,^Q^ denotes the mixed Hodge Module whose underlying perverse sheaf is the 
intersection complex ICz^Q [7]- Let iv : X x A" -^ X he the first projection, and let j 
denote also idxj: XxU^Xx A^ (and the same for i). Then 

7rH<j!DfxC/ = Df(n)[n] 

by (1.5.4) and (2.4.2). So it is enough to show that (2.4.3) is uniquely lifted to 

Q^ ^ JiB^^ui-d')[-2d'], 

i.e., the composition of (2.4.3) with 

^xxAr^{-d')[-2d'] -^ iJ*B^^^r.{-d')[-2d'] 

is zero and }ioui{Q^ ,1^,1*3^ ^^n{—d')[— 2d' — 1]) = 0. But they follow from the condition 
on proper intersection together with ( G P|q<^<^ Ker 9^. For the well-definedness of the 
cycle map, it is enough to show its invariance under a deformation of cycle parametrized 
by A^ (using a blow-up of A""). 

2.5 Remarks, (i) The cycle map for n = is defined with integral coefficients by the 
composition of 

(2.5.1) Z ^ HZ{Z, Z{d)) ^ HZ{X, Z{d)) 
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for ( = '^kUklZk] G CHd(X), where Z = UkZk, see [4], [29], etc. If X is smooth proper, 
this coincides with Dehgne's cycle map, which is defined by the composition of 

Z-.HlPiX,Z{p))^K{p)[2p] 

where K is as in (1.1). It induces Griffiths' Abel-Jacobi map 

(2.5.2) CRI^JX) - J^X) := Exti,Hs(Z, ^'^"'(^, Z)(p)), 

see [25] (and also [47, (4.5.20)], etc.) Here J'p{X) is Griffiths' intermediate Jacobian by 
[16]. (This can be defined even if X is not proper.) If p = dimX, then (2.5.2) is the 
Albanese map. 

(ii) If X is purely m-dimensional, the cycle map induces isomorphisms for n > 0: 

g CHi(X,n) ^ iff^_2+jX,Z(m- 1))" 

= H^^_^^^{X, Z(m - 1))' = Hf^_^^^{X, Z(m - 1)) 

and these groups vanish if n > 1. Indeed, let t/ be a smooth dense open subvariety of 
X, and Z its complement. Then CH°(Z,n) = forn > by (2.1.1), and CH^(t/,n) = 
for n > 1 by [10, 6.1]. Thus CH {X,n) = for n > 1 by the localization sequence 
[12]. On the other hand, the last two isomorphisms of (2.5.3) follow from (1.3), and 
-ff2m-2+n(^5 Z(m — 1))" vaulshes for n > 1 by (1.1.3). So the case n > 1 is clear. The case 
n = 1 is shown by [27, 2.12] in the smooth case and [32, 3.1] (combined with the above 
(2.2.1)) in general. We will generalize (2.5.3) to the case n = in (3.1). 

2.6. Compatibility. The cycle map (2.4.1) is compatible with /* for a proper morphism 
/, and also with /* for a morphism of smooth quasi-projective varieties f : X ^Y iiv the 
case of rational coefficients. Indeed, this is reduced to the case of the usual Chow groups 
by (2.3) and the construction of the cycle map (2.4), and follows from [49]. 

2.7. Proposition. Let X be a quasi-projective variety, andY a closed subvariety. Assume 
X,Y are equidimensional. Let r = codim^l^; and d — dimX —p. Then the cycle map 
induces a morphism of long exact sequences 

CW{X\Y,n + l) ^ CW-'^{Y,n) > CW{X,n) 



HZ+n+iiX \YMd)r > HZ+jYMd)r > HZ+JX, 

where the first exact sequence is the localization sequence [12] {choosing the sign appropri- 
ately), and the second comes from (1.1.4). 

Proof. The assertion is clear except for the commutativity of the left part of the diagram. 

Let U' = A'^+i \ Uo<i<nAg\ and identify A^+_J^j n U' with t/" := A" \ S^^'K Let 
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j : X \Y ^ X,j' : U' —^ ^n+i^^-n . jjn _^ ^n (jgj^ote the inclusion morphisms so that we 
have distinguished triangles 

^ j7+1D^„+, ^ j,'D^, ^ jrD^„(l)[2] ^, 

where the direct images by closed embeddings are omitted to simplify the notation, see 

(1.5.1). 

Let C e CBP{X\Y,n + l). By (2.1.2) and [12], it is represented by C G ZP{X\Y,n + iy 
which is extended to (' G Zp{X, n + 1)' so that its restriction to X x A"' is C ^ Zp{Y, n)'. 
Then the image of C by the morphism of the localization sequence is (. By definition (' 
gives 

^ e Hom(Qf , j.'Df ^t,,(-rf' - l)[-2rf' - 2]) 

such that its restriction to {X\Y) x A"^ vanishes. (Here d' = dim X — p + n, and j' denotes 
also id X j'.) So it induces 

e' G Hom(Qf , Jr<xt/"(-rf')[-2rf']), 
r G Hom(Qf , j;j7+iDj^\^),y„+i(-rf' - l)[-2rf' - 2]), 

using the external product of the above two distinguished triangles. We see that $,' coincides 
with the image of C by the cycle map, and the second distinguished triangle induces an 
isomorphism (aA")*j7'D{/»(l)[2] — > (aA"+i)*jr^ D^„+i- So the assertion is reduced to the 
next lemma. (Here we represent the middle terms of the distinguished triangles by the 
mapping cone of the morphism of the other terms so that we get short exact sequences as 
below.) 

2.8. Lemma. Let {K*'-''*} be a square diagram of short exact sequences of complexes of an 
ahelian category, i.e. K^'^''^ = for \i\ > 1 or \j\ > 1, and K^~^'^''^ -^ /^*J,^ -^ }{^+^,j,k ^_^ 
exact {and similarly for the index j). Assume H^~^{K^'^'') = 0. Let ^ G H^{K^'^'') such 
that its image in H^{K^'^'') vanishes. Let f G H^{K-^'^''), f ' G H^{K^-^'') such that 
the images of $,, ^' in H^{K^'^'') coincide and the images of ^, $," in H^{K^'^'') coincide. 
Then the images of ^' , ^" in H'^~^^{K~^'~^'') coincide up to sign. 

(The proof is straightforward. For a similar assertion, where the triangle is slightly 
shifted, a proof is given in [34], p. 268.) 



3. Proof of main theorems and related assertions 

Since Theorem (0.2) follows from (0.3) and (2.7), we first show Theorem (0.3). 

3.1. Proof of Theorem (0.3). It is enough to show the assertion for H^^_2{Y, Z{m—1))" 
by (1.3). We apply (2.7) to Y and a divisor Z on Y containing Singy. Let U = Y \ Z. 
The assertion follows from [49, I, (3.4)] if Y is smooth (i.e. if U = Y) . Note that we have 
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the surjectivity of the cycle map CH (U) -^ H^^_2{U,Z{m — 1))" in loc. cit, because 
H^{U,'E) is torsion-free. By [27, 2.12], we have a similar isomorphism 

(3.1.1) CR\U, 1) ^ HZ,_,{U, Z(m - 1))". 

So the general case is reduced to the smooth case by using the cycle map of the localization 
sequence 

CH^t/, 1) ^ CH°(Z) ^ CH^(y) ^ CH^(t/) ^ 

to the corresponding exact sequence of Deligne homology. Indeed, the cycle maps are 
compatible with the first morphism CH (t/, 1) -^ CH (Z) (which is given by the divisor 
map) by using (1.7.1) and [10, 6.1], see [32, 3.1]. 

3.2. Remark. In general, the isomorphism CH (Y) = ifj^_2(l^, Z(rM — 1)) does not hold 
(even for a smooth Y), see [49, I, (3.5)]. (In Remark (i) of loc. cit. the assumption of the 
second statement should be replaced by the condition that H^{Xj Q) fl F^H'^{X^ C) is not 
contained in W2H'^{X, Q).) 

3.3. Theorem. Let X be a connected smooth projective variety. For an open subvariety 
U of X, let ju,x : U -^ X be the inclusion morphism, and j^j x th^ pull-back of Deligne 
cohomology. Then, for any integer p, the following three conditions are equivalent to each 
other: 

(a) Griffiths' Abel-Jacobi map C}i^^^{X)Q -^ Jp{X)q is injective. 

(b) liuj. H-p~ {X \ Y,Q{p)y /Imj^.y X ~ ^' where Y runs over the closed subvarieties of 

Y 

X with pure codimension p — 1. 

(c) The cycle map CW{X \ Y, 1)q — > H^ {X \ Y, Q{p)y /Im. j^xy x '^^ surjective for any 
{sufficiently large) closed subvarieties Y of X with pure codimension p — 1. 

Proof. The equivalence of (b) and (c) follows from (2.7) together with (2.5.3) for n = 1, 
which we apply to closed subvarieties of pure codimension p — 1 in X. The equivalence of 
(a) and (c) follows from (2.7) and (0.3). 

3.4. Remarks, (i) We have H'^~^{X \ Y,Q{p))' = H'^~^{X \ Y,Q{p))" if Y has 
codimension > p — 1, and H^~ {X \ y, Q(p)) = H-p~ {X \ y, Q(p))' if furthermore 
p = dimX. (In this case, condition (a) is related with [44].) The pull-back Jx\yx 
vanishes if H'^p~'^{X, Q){p — 1) is generated by algebraic cycle classes and Y is sufficiently 
large (using (1.1.4)). I am informed that the three conditions (a), (b), (c) are further 
equivalent to the condition: 

(d) The cycle map CHP(X \ y, 1)q ^ HomMHs(Q, H^^'^iX \ Y, Q{p)) is surjective for any 
(sufficiently large) closed subvarieties y of X with pure codimension p. 

This was studied by Jannsen ([33], 9.10), and is equivalent to condition (c) with last p — 1 
replaced by p, see 9.8 in loc. cit. 

(ii) The exact sequence of L. Barbieri-Viale and V. Srinivas [2] for cycles of codimension 
2 in the introduction follows also from the local-to-global spectral sequence in the theory 
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of Bloch and Ogus [14] applied to the absolute Hodge cohomology (using (0.3) in the 
smooth case). Here the flasqueness of 7i|,(Z(2))" is clear, because the inductive limit of 
H^{U, Z(l))" vanishes where U runs over the nonempty open subvarieties of an irreducible 
sub variety of co dimension 1 in X. 

3.5. Relation with the normalization. We can express the subgroup C}ii^^^^{Y) of 
CH (Y) consisting of Borel-Moore homologically equivalent to zero cycles by using the 
normalization of Y. This may be useful for explicit calculation. 

Let y be a connected variety of pure dimension m with Yk {1 < k < r) the irreducible 
components of Y. Let Y be the disjoint union of the normalizations Yk of Yk with tt : 
Y ^Y the natural morphism. Let D — {y E Y : \7T~^{y)\ > 1}. We assume Y is smooth, 
D is a smooth closed subvariety of Y with pure codimension one, and ir^ZylD is a local 
system. (We may assume these because CH (Y) and H^^_2{Y,Z{m — 1)) do not change 
by deleting a closed subvariety of codimension > 1.) 

Let D = /T~^(D), and Di (i G /), Dj (j G J) be connected components of D, D. Put 

/, = {z G / : A C 7T-\Dj)}, I{k) = {z G / : A C Yk}. 

We define Sj = Ker(Tr : ^^^j^n^Z^^ -^ Z^j.), Ej = H^{Dj,Sj), and E = ^^Ej. Let di 
be the degree of Di over 7r{Di). Then Ej is naturally identified with 

{tti G Z (i G Ij) : ^i^j.ditti = 0}. 

Let E' = @-^jH^{Dj,£j). (This may have torsion which is related to the cokernel of 
CH {Y) -^ CH {Y).) Then we have an exact sequence 

(3.5.1) 0^i.™.(?,Z)^i..™.(r,Z)^^(™-l) 

^ H^^^_^{Y, Z) ^ //™_,(y, Z) ^ E'(m - 1), 

where 7 is defined by (a^) -^ X]i'^ic/([A]). Here cl{\Di]) denotes the cycle class. 
We define E^ — Ker 7 C -E so that we get 

(3.5.2) ^ H\Y,Z){1) ^ H^^_^{Y,Z){1 - m) ^ E' ^ 0, 

The associated extension class is denoted by e G Ext]y[jjs(£'°, H^{Y, Z)(l)). The cycle map 
induces an isomorphism of exact sequences 



(3.5.3) 



E' ^ CHiUY) > CRiUY) ^ 



E^ . J\Y) > Ji(y)BM > 0, 



where J\Y)^^ := ExtMHs(^. ^2^m-i(^. ^)(1 " ^)) and J\Y) is as in (2.5.2) (and is a 
quotient of the Jacobian of a smooth compactification of Y). 
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Indeed, let CH^(y)' = Im(CH^(y) -^ CH^F)), CHl^^iY)' = CH^(y)' n CRi^^{Y). 
Then, for the exactness of the first row, it is sufficient to show 

(3.5.4) CRiUYY = CRlUY). 

This is reduced to the case where the cycle is supported on SingF, and foUows from the 
localization sequence for Borel-Moore homology. The second row is induced by (3.5.2), 
and we can show that for u G KouimusC^^ E^)^ 

(3.5.5) eou G Exti,Hs(^, H\Y , Z)(l)) 

coincides with the image of ^iai[Di\ by the Abel-Jacobi map, where (a^) = u{l) G E^ . 
This is verified by using a natural morphism of (3.5.2) to 

0^if^(y,Z)(l) ^H^(Y\D,Z){1) ^if°(5,Z). 

3.6. Griffiths group. Let CH^. (X) denote the subgroup of cycles algebraically equivalent 
to zero, and CH^j(X) denote the kernel of Griffiths' Abel-Jacobi map [30]. Let Jp[X)^^^ 
be the image of the Abel-Jacobi map, and J'p[X)^^ the image of CH^. (X) which is an 
abehan subvariety of Jp{X). We call Jp^XY'^ and Jp [Xy^^ / Jp {XY^ respectively the 
abelian and discrete part of the image of the Abel-Jacobi map. Let GrifP'(X) denote the 
Griffiths group CH^„^(X)/CH^ig(X), and Griff^j(X) the image of CH^j(X) in GrifP(X). 
Then we have a commutative diagram of short exact sequences (where the are omitted): 

CH^ig(x)nCH^j(x) . CH^ig(^) ^ JnxY"" 

CH^j(X) . CHL^(X) . JP{XY'^ 



Griff^j(X) > GrifF(X) > Jp {XY^^^ / J^ {XY"" 

It is known that CH^jg(X) is divisible [13]. By [39], [45] we have 

(3.6.1) CH^j(X) is torsion- free if p = 2 or dimX. 

For p = 2, this is proved in [39] by using Bloch's cycle map [8]. (See also [53]). 

3.7 Remark. For an open subvariety U of X and a positive integer to, consider the short 
exact sequence 

(3.7.1) ^ HliU, Z(2))/m ^ H^{U, Z(2)/m) ^ m{HUU, Z(2))) ^ 0, 

where M/m = M/mM and ^M = Ker(m : M -^ M) for an abelian group M. The first 
morphism is surjective after taking the inductive limit over U by [39], and the last term 



BLOCH'S CONJECTURE, DELIGNE COHOMOLOGY AND HIGHER CHOW GROUPS 17 

is related to the kernel of the Abel-Jacobi map, see (0.2). So this can be used also for the 
proof of (3.6.1). 

3.8. Proposition. If p = 2, CH3^ig(X) fl CHaj(^) is divisible and torsion-free {i.e. a 
Q-vector space). 

Proof. Since the torsion-freeness follows from (3.6.1), it is enough to show the divisibility. 
Let C e CH^jg(X) n CH^j(X). This comes from C' e Pic°(y) where y is a resolution of 
singularities of a closed subvariety of pure codimension 1 in X. Let P = Ker(Pic (Y) -^ 
J'^{X)). Then P is an extension of a finite group F by an abelian variety P^. Since P^ is 
divisible, there is an exact sequence 

^ P«or ^ Ptor ^ r ^ 0, 

and it splits. Let P' = Ker(Pic°(y) -^ CH^ig(X)). Since P/P' is torsion-free by (3.6.1), 
we get an isomorphism P/^j. — > Ptor, and P^ — » P/P' is surjective, i.e. 

p7(p° n p') = P/P'. 

So the assertion follows, since the left-hand side is divisible. 

3.9. Corollary. If p = 2, Griff^j(X) is torsion-free. 

Proof. This is clear by (3.8) and (3.6.1), using the left column of the commutative diagram 
in (3.6). 

3.10. Proposition. Let X he an irreducible smooth proper complex algebraic variety 
with a surjective morphism f : X ^> S whose general fibers Xg are connected and have 
no global 2-forms. If general fibers have dimension > 2, we assume that the monodromy 
invariant part of H^{Xs, Q) vanishes by restricting it to a sufficiently small nonempty open 
subvariety of Xg for a general s E S. //dim 5" > 1, we assume further that H^^Xg, Q) = 
for a general s E S , and the Abel-Jacobi map is surjective for cycles of codimension 2 
on S. Then the Abel-Jacobi map CHjjojj^(X) -^ J'^i^) is surjective and the discrete part 
j2(j^)aig/j2(^^ab yanishcs. 

Proof. Since Jp {X)'"^^ / Jp {X)'"'^ is discrete, Jp{X) = Jp{X)^^^ if and only if Jp{X) = 
JP{X)^^. So the assertion is equivalent to the vanishing of Gr^ H^{U, Q) for a sufficiently 
small non-empty affine open subvariety U. Indeed, let y be a resolution of singularities 
of the divisor X \U. Then, using the localization sequence, these two conditions are both 
equivalent to the surjectivity of H^{Y,Q) -^ //^(X, Q)(l), or equivalently, of J^{Y) -^ 
J\X). 

To show the vanishing of Gy^ H^iU, Q), we use the spectral sequence 

Ef''^ = HP{S',R'^f,Qu) => ifP+^(t/,Q). 

Here we may assume that 5" is a non empty affine open subvariety of 5" over which / 
is smooth (shrinking U and 5" if necessary) so that the W^f^Qu are variations of mixed 
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Hodge structures. The assumption on the Abel-Jacobi map for S is equivalent to the 
vanishing of Gr^ H^{S', Q) for 5" sufficiently small. So it is enough to show 

H^-^S', Grf i?V*Qt/) = for 1 < Q < 3, 

using the spectral sequence associated to the filtration W, because R'^f^Qu has weights 
> q and W{S', GrfR'^f^Qu) has weights >i+j. 

We have H^{S', Gr^ R^ f^Qu) = by the hypothesis on the invariant part if general 
fibers have dimension > 2, and the surface case follows from the dual of the weak Lefschetz 
theorem (here we may assume Xg projective). The hypothesis on the 2-forms implies 
Gr^R'^f^Qu = using the Lefschetz theorem for divisors. Finally H^{S', Gr^i?V*Qt/) = 
by the hypothesis in the case dim 5" > 1 (here the curve case is clear because S' is affine). 
So we get the assertion. 

3.11. Proof of Theorem (0.5). By the decomposition theorem [7], there is a noncanon- 
ical isomorphism 

(3.11.1) R/,Qx[dimX] ~ ^^^zKhHl 

where Z runs over the irreducible closed subvarieties of 5" and the K^^ are intersection 
complexes with local system coefficients on Z, see loc. cit. This decomposition holds in 
the derived category of mixed Hodge Modules [47] on S, and K^^ is pure of weight i, and 
is generically a variation of Hodge structure of weight i — dim Z (shifted by dim Z). Let U 
be the open subvariety of 5" over which / is smooth. Put n = dimX — dim 5", m = dim 5". 
Then {K'g\u)[-m] is the local system R'+^'f^Qxlu- 

Let C ^ CIH^j(X)q. We have to show that this comes from 5". The restriction of C to a 
general fiber of / is zero by hypothesis. Using the localization sequence and spreading out 
[9], there is a divisor E on 5" together with (' E CH^(Z')q such that i#C' = C i^i CH^(X)q 
where Z = /~^(E) with the inclusion i : Z ^ X . So, by the injectivity of the cycle map in 
the divisor case (0.3), it is enough to show that its cycle class in Deligne local cohomology 
H^ z{X, Q(2)) vanishes modifying C,' by an element of CH {Z)q whose image in CH {X)q 
comes from S, because Deligne local cohomology is identified with Deligne homology. Here 
Deligne cohomology (or homology) means the absolute Hodge cohomology (or homology), 
and we omit " to simplify the notation. This holds also for the later part of this section. 

We define Deligne (local) cohomology with coefficients in mixed Hodge Modules by 

if^■J(^,K^'^(2)[-m]) = Hom^.MHM(5)(Q5,^'/•i^^"(2)b-^-^]), 
if^(Z,K^(2)) = Hom^.MHM(z)(Qz,i^^(2)[j]), 

where i' : Ti ^ S denotes the inclusion. We may assume that E D 5" \ t/ replacing E if 
necessary. Then, by (3.11.1), H^ ^(X, Q(2)) is isomorphic to 

(3.11.2) (e.<2^i,:i(^,i^r"(2)[-m])) © m,z^sH'v''-'^-\z,K^zi.m- 

Here H^;.{S, K'''' {2)[-m])) = for i > 2, because 
(3.11.3) PHH'-Kl-'' = forjVl, 
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see [7] for ^H^. (Indeed, it vanishes for j 7^ 0, 1 by the locahzation sequence, because 
the direct image by an afhne open embedding is an exact functor of perverse sheaves. 
The vanishing for j = follows from the property of intersection complex that it has no 
nontrivial subobjects with strictly smaller support.) 

Comparing (3.11.2) with a similar decomposition for H^{X, Q(2)), we see that the cycle 
class of C' in ifl, ^(X, Q(2)) is given by 

Y..<2es e e,<2i^^:i(5,i^r'^(2)[-m]), 

because C, G CHaj(X)q. Then the assertion follows from (0.3) if ^^ = for any i. Since 
Kg^[—m] = Qs, we may assume ^^ = modifying (' by a cycle coming from 5" (using 
(0.3)). Thus it is enough to show ^^ = for i = 1,2, modifying C by an element of 
CH {Z)q whose image in CH {X)q vanishes. 

For z = 2, the variation of Hodge structure -R^/*Qx|t/ has level 0, and hence it is 
associated to an orthogonal representation which has a finite monodromy group. So we 
may assume that Kg~'^[—m\ is a constant sheaf on a smooth variety S", replacing X with 
a resolution of singularities of the base change of X by a generically finite morphism to 5", 
because the composition of the pull-back and the pushforward of cycles under a generically 
finite morphism of irreducible proper smooth varieties is the multiplication by the generic 
degree. 

Since Kg~'^[—m] is constant, there are cycles Tj G CH {X)q such that the stalk of 
Kg~^{l)[—m] at s E U (i.e. if^(Xs, Q)(l)) is generated by the cycle classes of the restric- 
tions of Tj to Xg, where Xg = f~^{s). By an argument similar to [49, II] (using the nearby 
cycle functor), we see that the cycle class of Tj\z in H^ zi-^^ Q(2)) comes from the cycle 
class of Tj in H^[X, Q(l)) using the composition of 

(3.11.4) Hl{X, Q(l)) ^ Hl{Z, Q(l)) ^ iJ|,,^(X, Q(2)), 

where the last morphism is induced by the canonical morphism Q^^ -^ Rr^Qx(l)[2]. 
Furthermore, using a decomposition similar to (3.11.2) for i7|,(X, Q), we see that the 
image of (3.11.4) is contained in the direct sum of H^^{S, K^^"^ {2)[—m]) with z < 2 under 
the decomposition (3.11.2). 

Since K|""(2)[-m] = 0^05(1) by using F^-, we have 

Hl^^{S,Kl-{2)[-m]) = @,Hl^{S,Qil)) = 0,, ,i^|,,E,(^, Q(l)), 

where the S^ are irreducible components of E and H^ -^ (S, Q(l)) = Q. So the morphism 
to i^l, j.(5,i^|""(2)[-m]) is identified with the cycle class map of [E^] to if|,(5, Q(l)). If 
the cycle class of rj = '}2k'^k['^k] vanishes in H^{S, Q(l)), we see that Tj ■ f*r] is rationally 
equivalent to zero. Applying this to each factor of ^| we may assume ^| = by modifying 
(' modulo rational equivalence on X. 

For z = 1, we may assume Kg~^ 7^ 0, because the assertion is clear otherwise. Then the 
variation of Hodge structure iir^~"[— 1] is constant on S {= P^) by hypothesis. Its stalk 



20 MORIHIKO SAITO 

is given by if = H^{Xs,Q) for a general s E S, and is isomorphic to H^{X,Q). Since 
^|(^,Q) = efcifi(^,Q) = efcQ(-l), we have 

Hl^iS,Kl-{2)[-l]) = e,Ex4Hs(Q,^(l)), 

and HIj.{S,KI-''{2)[-1]) -^ if|,(^, i^^-'^(2)[-l]) is identified with the tensor of the 

degree map 0fcQ[Efc] -^ Q with ExtMHslQ. ^(1)) (= Picl-'f )q)- So its kernel is generated 
by cycles rationally equivalent to zero on S {= P^) tensored with Pic(X)Q, and we may 
assume ^g = replacing (' modulo rational equivalence on X. This completes the proof 
of (0.5). 

3.12. Theorem. Let X be an irreducible smooth proper complex algebraic variety. Let 
f : X ^ S be a surjective morphism to 5" := P"*^. Assume that general fibers Xs of f are 
connected and the restriction morphism H^{X,Q) -^ H^{Xs,Q) is an isomorphism for a 
general s E S . Then the Albanese map for X is infective if it is infective for general fibers 
X,. 

Proof. The argument is similar to (3.11). It is enough to consider the Albanese map 
tensored with Q. Let C, G CH^j(X)q with n = dimX. We may assume that /(suppC) 
is contained in the open subvariety U over which / is smooth. Let S' be a multivalued 
section of / (i.e. finite over 5"). Let d be its degree over 5". Then f*f,^C and [S'] ■ /*/*C are 
rationally equivalent to zero, and we may assume that /*C = without any equivalence 
relation, modifying ( by d~^[S'] ■ f*fX- 

Now ( determines an element ^g of Alh{Xs) ®z Q for each s G /(supp^)- By hypothesis 
the Albanese varieties Alb(Xs) form a constant abelian scheme over U (using duality), 
and any section is constant because 5" = P^. Furthermore, its generic fiber is the Albanese 
variety of the generic fiber Xk of / (where K = C(S')), and the Albanese map for Xk 
tensored with Q is surjective (using the base changes by finite extensions of K). So we 
can apply an argument similar to the case i = 1 in (3.11), and we may assume that ^^ = 
modifying C. Then C = by hypothesis, and the assertion follows. 

3.13. Proof of Theorem (0.4). The injectivity of the maps follows by applying (0.5), 
(3.12) inductively to a Lefschetz pencil. The surjectivity of the Albanese map is clear. For 
cycles of codimension 2 it follows from (3.10) or [26] (using the injectivity). 

3.14. Theorem. Let X be an irreducible smooth proper complex algebraic variety with 
a surjective morphism f : X ^> S to a smooth curve S . Assume that general fibers 
of f are connected and have no global 2-forms, and the Abel-Jacobi map for cycles 
of codimension 2 on general fibers is infective. Then Nori's conjecture [42] holds, i.e. 
CRlj{X)cCRl,^{X). 

Proof. The argument is similar to (3.11) except that we consider the cycle class in the 
usual cohomology instead of Deligne cohomology, and rational equivalence is replaced by 
algebraic equivalence. For i = 1, we also use the vanishing of H^(Sj Kg~^[—1]) for j ^ 2, 
which follows from (3.11.3) because dimE = 0. Then the assertion follows by an argument 
similar to (3.11). 
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3.15. Proof of Theorem (0.6). The argument is similar to (3.11). By the weak Lefschetz 
theorem, ^ belongs to CH^j(X). Since it is enough to show 7r*C = in CH (X), we may 
replace X with X. So X will be denoted by X, and 7r*C by ( from now on. 

By spreading out there exist E and (' as in (3.11) such that i'^(' = C in the notation of 
(3.11). Since dimXg > 3, the monodromy of i^^/^Qx is trivial, and Kg~"'[—1] is a constant 
variation of Hodge structure. Hence the restriction morphism H'^{X,Q) — * H'^{Xs,Q) is 
surjective and the Picard number of Xg is independent of s E U. So the assertion follows 
by the same argument as in (3.11). 

3.16. Theorem. With the notation o/(0.6), assume dimX > 3. Then ( E CH (X, 1)q is 
zero if its restriction to Xg vanishes for any s E S' . In particular, the higher Ahel-Jacohi 
map 

(3.16.1) cl : CH2(X, 1)q ^ J{H^{X, Q)(2)) 

is infective if this map is injective for any Xg (s G 5"). 

Proof. The argument is similar to (3.11) and (3.15). It is sufficient to show the first asser- 
tion. Since R^f,^Qx is a constant local system by hypothesis, it does not contribute to the 
Deligne local co ho mo logy by a weight argument. Then, using the decomposition (3.11.1), 
the assertion is reduced to the isomorphism between CH (Z^l) and the corresponding 
Deligne homology [32, 3.1]. 

3.17. Remarks, (i) The injectivity of the higher Abel-Jacobi map (3.16.1) implies 
H^{X, Q) = 0, see [51, 5.2]. It is conjectured that the converse is also true. 

(ii) If the assumptions of (3.10) are further satisfied in (3.14) (e.g. if dimX = 3), then 
algebraic and homological equivalences coincide for cycles of codimension 2 on X by (3.10) 
and (3.14). (It is conjectured that this should hold assuming only the nonexistence of 
global 3-forms.) In the case dimX = 3 and dim 5" = 1, we can prove the assertion also 
by using Cor. 2.3 in [1]. Indeed, let U be an open subvariety over which / is smooth, 
and put Y = f~^{U). Then by hypothesis and spreading out ([9], [15]), the diagonal cycle 
\Y] in y xy y is rationally equivalent to a cycle Fi + r2 (with rational coefficients) such 
that the j'-th projection of Tj to Y is contained in a divisor for j — 1,2 (shrinking U if 
necessary). Using the embeddings Y XjjY ^>Y xY ^ X x X, a, similar assertion holds 
for the diagonal X oi X x X, and we can apply the theory of Barbieri-Viale on balanced 
varieties in loc. cit. The key point is that Griff {X) is a quotient oi H2^^^{X,'H^{'L{2))) by 
[14] using the local-to-global spectral sequence, and we have the action of the diagonal on 
H^^^{X ,0} {Ij{2))) which vanishes up to torsion. 

(iii) Nori's conjecture stated in the introduction is equivalent to the one in [42] modulo 
Grothendieck's generalized Hodge conjecture. Indeed, the last conjecture implies that 
the abelian part of the image of the Abel-Jacobi map coincides with the abelian variety 
corresponding to the largest Hodge structure of level < 1 contained in H^{X, Q). 

(iv) It is not easy to generalize the argument in (3.11) to the case Pg{Xs) ^ even if 
we assume r(X, O^) = 0, because the existence of the transcendental part of iif^(Xs,Q) 
makes the situation completely different (e.g. the Picard number of X^ is not constant). 
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(v) By a well-known conjecture of Beilinson [6] and Bloch [9], CHy^j(X)(| should be 
determined by H'^{X, Q) (more precisely, it should be expressed by Ext (Q, H'^{X, Q)(2)) 
in the conjectural category of mixed motives). Let y be a general surface in X which is 
an intersection of general hyperplane sections. If the Hodge conjecture is true, there 
is a cycle F G CH {Y x X)q such that the composition of the restriction morphism 
if2(x,Q) -^ H^{Y,Q) with T^ : H'^iY.Q) -^ H^{X,Q) is the identity on H^{X,Q), 
and Nori's conjecture can be reduced to the surface case (where the conjecture is trivial) 
if the conjecture of Beilinson and Bloch is true. Note that the last conjecture can be re- 
placed by their conjecture on the injectivity of the Abel-Jacobi map for smooth projective 
varieties over number fields, see [51, 0.4]. 

(vi) Let n : X ^ Y he a P^-bundle over a smooth projective variety Y, which has a 
section D. If D' is a sufficiently very ample divisor on Y, then D + n*D' is very ample on 
X . Let Z be a general hyperplane section of it. Then Z is a section of n by calculating 
the intersection with 7r~^{y); in particular, Y = Z. 



4. Higher Abel-Jacobi map 

4.1. Currents. For a complex manifold X of dimension n, let C* (X) denote the complex of 
currents on X which has the Hodge filtration F as usual. Here we normalize C*{X) so that 
C^ (X) = for z > or z < — 2n. It has a structure of double complex such that the Hodge 
filtration is given by the first degree. We have a natural morphism S'{X){n)[2n\ -^ C'{X), 
where S'^{X) denotes the vector space of C°° i- forms on X . Let S*{X) denote the complex 
of locally finite C°° chains on X where S~^{X) consists of locally finite j-chains so that 
H^{S'{X)) = i7^+2"(X,Z)(n). There is a natural morphism i : S'{X) -^ C'{X). The 
differential d of S*{X) is defined in a compatible way with that of C'{X). So it differs 
from the usual boundary map d by the sign — (— l)'^^^ due to the Stokes theorem. Note 
that the differential of a current $ is defined by {d^){u) + (-l)'^'^s*$((ia;) = for C°° 
forms u with compact supports. For a smooth complex algebraic variety X , we will denote 
5'(X^'^_), C'(X^") by S'{X), C'{X) to simplify the notation. 

Let X be a smooth proper complex algebraic variety of dimension n, and D a divisor 
on X with normal crossings such that each irreducible component Dj is smooth. Put 
X = X\D. Let D^^' be the disjoint union of the intersections of j irreducible components 
as in [22, II]. Then we have naturally a double complex 

-^ F''C'{D^^+^^) -^ F^C'{b^^^) -^ > F^C'{b^^'^) -^ 

by the dual construction of [22, III] (using the push-down of currents instead of the pull- 
back of forms), and the associated single complex will be denoted by F^C'{X{D)). 

We have the weight filtration W on C'(X{D)) such that Grf C'(X(D)) = C'{D(^^)[j]. 
We define similarly S'(X{D)) with the filtration W such that GrfS'iXiD)) = 
S'{D^^^)[j]. Then we get the polarizable mixed Hodge complex K{X{D)) defined by 

{S'{X), {S'(X{D))q, W), {C'(X{D)y, F, W); S'{X)q, {C'(X{D)),W)), 
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which calculates the Borel-Moore homology of X. By (1.2.1) we have a canonical isomor- 
phism (see also [32], [35]): 

(4.1.1) HUX, Z{k)) = W-^-{T{D';,{K{X{D)){k - n))). 

4.2. Cycle class. With the above notation, let C = Ej(^j,fi'j) e CW{X, 1) as in (2.2). 
Put d = n — p. Let 7j be the closure of the inverse image by Qj of 

{z e C\Rez > 0,lmz = 0} C P^ 

Using a triangulation, it is viewed as a topological chain. We give it an orientation so 
that d'jj = div Qj. Then 7 := X]j7j is a topological cycle on Z := UjZj, and it belongs to 
S~'^'^~^{X). Let Zj -^ Zj be a resolution of singularities such that the divisor of the pull- 
back Qj of Qj to Zj has normal crossings. Let ivj : Zj ^ X denote its composition with the 
inclusion ij : Zj -^ X. Then we have the push-down of currents (ttj)* : C'{Zj) -^ C*{X). 

Let log-^^Qj denote a locally integrable function on Zj which is defined by choosing a 
branch of loggr^ on Zj \^j where 7^ is the pull-back of 7j to Zj. (Hv stands for Heaviside.) 
Then it is a current on Zj, and we can verify 

, , , , , c?(logHv 9j) = gi^dgj - (27ri)t7j , 

(4.2.1) 

d{9j dgj) = {2Tvi)i{diYgj). 

For example, we get the first equality by using the integration on the inverse image of 

{z G C\ min{| arg^l, \z\, \z\~^} > e} 

for £ ^ 0. Note that g~ dgj is a form with locally integrable coefficients on Zj and 
'^jiT^j)*{g7^dgj) is a closed current. We define 

{ij)*{g~^dgj) = {nj)^{g~'^dgj), 

(^j)*(logHv£'i) = (^j)*(logHv5^j), 

gdg = Y.,{^M9-^dg,) G F-^C-^^-^X), 

logHv^ = E,(^,)*(logHv^,) e C-2^-2(X). 

These are independent of the choice of Zj . 

Let Zj be the closure of Zj in X. Then gj is identified with a rational function ^ on 

Zj, and we can define g~^dg = J2j{'^j)*i9j^dgj): ^tc. similarly, where ij : Z j ^* X is the 
inclusion morphism. 

Let div^ = Ejdiv^j-. This is supported on D, and there is a cycle (div^)*^^-* on I)'^^^ 
such that its image in X coincides with div^. Taking a triangulation, (div^)*^^-* can be 
viewed as an element of S~'^'^{I)^^\ So we get 

[g-^dgY := (^-^rf^,-(27rz).(div^)(i)) G F-^C-''^-^{X(p)) 
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such that d{g~^dg)^ = 0. Let 7 be the closure of 7 in X. Since ^7 = div^, we get 

7^:=(7,-(div^)W)G5-2^-i(X(I))) 

such that dL'j^ = 0. Then (/(logy^ (7) e C~'^'^~^{X{D)) coincides with the sum of — (27^^)67^ 
and (g-^dg)^ in C-'^'^'^X (D)) by (4.2.1). 

4.3. Theorem. With the above notation, cl{Q E H^ {X,Z{p))" corresponds by the 
isomorphism (4.1.1) to 

(4.3.1) (-(27rz)-S, -(27rz)- V, -{2ni)-''-\g-'dg)\ 0, {2ni)-'-' logn, </) 

w;/iere these elements belong to S^^'^-\X){-d), S-^'^-^X{D))Q{-d), F-'^C-^'^-^(X{D)), 
g-2d-2^X)Q{-d) andC-^'^-'^(X{D)) respectively. 

Proof. Since the class of (div^)*^^) in H'^P~'^{D^^\Q){p — 1) is a Hodge cycle, we see that 

(4.3.1) belongs to H-^'^-^{T{D!^{K(X{D)){-d))), see Remark (1.2). Let Z be the closure 
of Z in X, and 

E = Ujsuppdiv^j U SingZ. 

Then the canonical morphism 

(4.3.2) Hl^-\X, Zip))" -. Hl^-\X \ E, Z(p))" 

is injective by the localization sequence. So we may replace X with X \ E, and assume 
that Z is smooth, and hence irreducible. Here we may assume also that the closure Z of 
Z in X is a good smooth compactification (i.e. Z \ Z is a divisor with normal crossings) 
by taking further blowing-ups if necessary, and that every irreducible component of Z\Z 
is contained by only one irreducible component of X \X . Then the isomorphism (4.1.1) 
is compatible with the push- forward by the closed embedding Z ^ X, and the assertion 
is reduced to the case X = Z, p = 1. 
By (1.3) we have isomorphisms 

H^X, Z)" = H^{X, Z) = H\X, C^^^^Z(l)), 
and the cycle map is calculated by using the commutative diagram 

r(X,G^) — ^ H\X,CL^^j^^Z{l)) 
(4.3.3) 

r(x-",03,.„) -^-^ ifi(x,C5,z(i)), 

where the isomorphism on the bottom row is induced by the canonical quasi-isomorphism 

Ox^-r^ = C(Zxan(l) — > Ox'^'^)- 



BLOCH'S CONJECTURE, DELIGNE COHOMOLOGY AND HIGHER CHOW GROUPS 25 

Here we may replace H^{X, C^Z(l)) with the cohomology of the single complex associated 
with 

S'{X){-d) -^ C'{X)/F-'^C'{X). 

Then, using (1.2.2), it is enough to show that the image of g E r(X^",(9^an) in this 
cohomology is represented by 

(-(27rz)-^7, (27rz)-"-ilogH,(7), 

because the vertical morphisms of (4.3.3) are injective. 

We can verify this assertion by using a Cech resolution together with the delta functions 
supported on faces of a triangulation of X^^ compatible with 7. (See [28] for the notion 
of integral current.) Indeed, let U = {Ui}i^A be an open covering of X^^ such that Ui are 
simply connected. We will denote by C^J-' the Cech complex of a sheaf JF associated with 
the covering U, where 

Cl(^ = ©|7|=^+l^(^77, ^) with Ui = n.eiU^ for / C A. 

For g G r(X^", O^j^an), we have the corresponding element in the cohomology of the single 
complex associated with 

(where the first term has degree one), and it is given by 

{{(\og{g\ud - \og{g\u,))\u.,,h>j, {\og{g\u.)}^) e Cl^Zx^.{l) © C^Ox^.. 

We define C^C-^(X), Cl(S^X) similarly. Then 

{{2m)-'^-\{\og^^g)\uJ-\og{g\uJ)h G C^C-'''-\X) 

belongs to the image of CyS~'^'^~^ {X){—d) . So we get the assertion, using the triple 
complex 

Cl,S'{X){-d) - Cl,{C'{X)/F-''C'{X)). 

This completes the proof of (4.3). 

4.4. Remark. The cycle map (2.4.1) induces 

(4.4.1) CHP(X, 1) ^ HomMHs(Z, H^p-\X, Z)(p)), 

and (4.3) implies that the image of C by this morphism is represented by 

-(27ri)-S and - {2m)-''-'j:j{ij)*{9~'dgj). 

Let CH^^^j^(X, 1) be the kernel of (4.4.1). Then, in the notation of (1.1), the cycle map 

(2.4.1) induces the higher Abel-Jacobi map 

(4.4.2) CRI^JX, 1) ^ J{H'P-\X, Z){p)) = Ext^iHsl^, H'^-'{X, Z){p)). 
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Assume H'^P'^X, Q) = or X proper. Then CHP(X, l)/CB.l^^{X, 1) is finite because 
the target of (4.4.1) is torsion. So (4.4.2) induces the higher Abel-Jacobi map 

(4.4.3) CHP(X, 1)q ^ JiH^P-^{X, Q){p)). 

By (4.3) this is expressed explicitly as follows. For ( G C}iy^^^{X, 1), there exist a C°° 
chain T on X and S G F-'^C-^'^-^(X{D)) such that 

c»r = 7, dE = {g-^dg)^. 

By (4.3) and (1.2.2), the image of ^ under the higher Abel-Jacobi map (4.4.3) is represented 
by the current 

(4.4.4) $c = (27ri)-"-^(E,(^,)* logH.^, + (27rz).r - E\x). 

(Note that diT = —67 by Stokes.) If X is proper, it is enough to consider ^({uj) for C°° 
forms uj which are direct sums of forms of type {i,j) with i > d + 1, because the dual of 
H'^P-^{XX)/FPH^P-'^{XX) is F'^+^H^'^+^{XX)- Then S can be neglected, and we get 
the higher Abel-Jacobi map in [5], [37] (see also [32]). 

4.5. Remark. With the notation of (1.1) and (2.2), the image of CH^~ (X, 1)q by the 
higher Abel-Jacobi map (4.4.3) is contained in 

j{NP-^H^p-^ixx){p)) c mgp-\x)Q(g>^c\ 

where NP~^ H'^p~'^ {X , Q) is the Q-submodule generated by algebraic cycle classes, and 
Hdg^~ {X)q is the group of Hodge cycles with rational coefficients. This can be reduced 
to the case p = 1 by using resolutions of singularities, see e.g. [40] . The induced map 

(4.5.1) CHf„d(^. 1)q ^ JiH^'-'iX, Q){p))/mgP-\X)Q ^^ C* 

is called the reduced Abel-Jacobi map. 

By [43], [46], the kernel of (4.5.1) for p = 2 is isomorphic to the cokernel of 

(4.5.2) K2{C{X))Q^\m^RomMus{Q,H^{U,Q)m 

u 

where the morphism is given by (ilog Aiilog at the level of integral logarithmic forms, and 
the inductive limit is taken over nonempty open subvarieties U of X. 

Indeed, for a divisor Z on X, we have ii"|(X, Q) = H^^^{Z, Q)(-n) and 

CH[,d(^,l)Q = HomMHs(Q,i^|(^,Q)(2)) 
by (0.3) and (1.1.2). Therefore, if Z is sufficiently large, we get a short exact sequence 

-^ H^{X, Q)/N^H^{X, Q) -^ H^{X \ Z, Q) 

-^Ker{HUXX)^H\X, 
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and from its associated long exact sequence we can deduce 

HomMHs(Q,^'(^\^,Q)(2)) 
= Kev{CRUZ,l)Q^J{{H'{X,Q)/N^H'{X,Q)){2))), 

because HomMHs(Q, H^{X, Q)(2)) = for j = 2, 3. Then it is enough to take the inductive 
hmit over Z, and divide it by the image of K2{C{X))q under the tame symbol. 

Note that the morphism H^{X \Z,Q) -^ H'^{X,Q) is given by taking the residue of 
logarithmic forms (at least on Zreg, see [22]), and the residue of dlogf A dlogg coincides 
with the differential of the logarithm of the image of {/, g} by the tame symbol up to sign. 
The image of (4.5.1) is countable for p > 2 hy the rigidity argument of A. Beilinson [4] 
and S. Miiller-Stach [40], and (4.5.1) is not necessarily injective for p > 3 (see [20]). For 
p — 2, it is conjectured that CH?^j(X, 1)q should be countable by C. Voisin [55], and that 
(4.5.2) should be surjective by A. Beilinson [5]. 

It does not seem easy to prove the last conjecture by using [39]. Indeed, let / be the 
target of (4.5.2) with Q replaced by Z, and /' be the image of /" := K2{C{X)) in /. Then 
I" /m = I' /m = I/m for any positive integer m by loc. cit. (using the exact sequence 
(3.7.1)). Hence ///' is divisible. It is torsion-free by the snake lemma, because so is 
/. Therefore, ///' is uniquely divisible as proved in [46] and we cannot get any more 
information. 

5. Construction of indecomposable higher cycles 

5.1. Elliptic surfaces. Let tt : X ^ C be an elliptic surface over a smooth proper curve 
(i.e., X is smooth, tt is proper, and general fibers of tt are elliptic curves). Let E denote 
the smallest subset of C such that tt is smooth over C := C \ E. Put X' = n~^{C'), 
Xc = TT~^{c) for c & C. It is well-known that the higher direct image sheaf R^n^Qx is an 
intersection complex (up to a shift) by the decomposition theorem [7], and H^{C^ i?^7r*Qx) 
is a pure Hodge structure of weight 2, see [57]. Let L be the Leray filtration on H'^{X, Q) 
which is defined by 

L'H^{X,Q) = n,ecKev{H^X,Q) ^ H\X,,Q)), 

and L^H'^{X, Q) = H'^{X, Q), L^H^{X, Q) = 0. Then 

GrlH\X,Q) = H\C,R^-^7r,Qx). 
We say that an elliptic surface has essentially no nontrivial section if 

(5.1.1) HomMHs(Q,^'(C,i?V,Qx)(l)) = 0. 

By [57] this condition is equivalent to that the sections oi n : X ^ C are torsion, if the 
monodromy of the local system R^'k^Q,x\c' is nontrivial and X is given a 0-section. 
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Let {ivt : Xt -^ Ct}teA be a family of elliptic surfaces over an open disk A of radius 
e whose restriction over A* (:= A \ {0}) is locally topologically trivial. We may view 
{ttj : Xt — > Ct}teA as a small deformation of ttq : Xq ^ Cq or a degeneration of ellip- 
tic surfaces. We say that it is cohomologically nondegenerate if {Gr]^H'^{XtjQ)}teA is a 
constant local system on A. Note that dimGr]^H^{Xtj Q) is constant if and only if so is 
diniGr^H^{Xt, Q). Using the decomposition theorem [7], the latter dimension is given by 
^ceC (^t,c ~ 1) + I5 where rit^c is the number of irreducible components of Xf^c- 

Let / denote the open interval (0, e) contained in A* := A \ {0}. Let {(t}tei be 
an analytic family of higher cycles with Q £ CH (Xt,l). We say that it degenerates 
topologically at t = 0, if there are C°° families {'^t}teij {^t}tei as in (4.4) which degenerate 
to a point as t -^ 0. 

5.2. Theorem. Let {ivt : Xf -^ Ct}teA cind {Q}tei ^^ C'S above. Assume that {Xt} is 
cohomologically nondegenerate, Xq has essentially no nontrivial section, {Q} degenerates 
topologically at t = 0, and Jp cut 7^ for some ujt G V{Xt,Vt\ ) where t E I is generic 
and Ft is as above. Then for a general t E I, the transcendental part of the image of (t by 
the reduced Abel-Jacobi map (4.5.1) does not vanish (i.e. its image in the Jacobian is not 
contained in the image of F^H'^{Xt,C)), and hence Ct 7^ in CHjj^d(Xt, 1)q. 

Proof. Let Vt = Gr'pGr\H'^{Xt,Q). Then {Vt}teA is a holomorphic vector bundle on A. 
By integrating holomorphic 2-forms on F^, we get an analytic section ar of {Vt}tei^ because 
H^{Ct, Q) and the image of H'^iXt, Q) -^ H'^{Xt,c, Q) are of type (1, 1). Let L denote also 
the dual filtration on H2{Xt, Q) such that GrfH2{Xt, Q) is the dual of Gr{H'^{Xt, Q), i.e. 

LoH2{Xt,Q) = lm{®^H2{Xt,c,Q) ^ H2{Xt, 
LiH2{Xt,Q) = Ker(7r, : H2{Xt,Q) ^ if2(Ct, 

Let {rjt} G {Grf i72(Xt, Q)(— l)}teA be a continuous family of topological cycles with 
rational coefficients. Then it determines a holomorphic section cr^ of {Vt}teA by integrating 
forms on it. By (4.4) the image of Q by (4.4.3) in J{H'^{Xt, Q){2)) modulo the image of 
F^H'^{Xt,'C) is given by ar modulo the image of H2{Xt,Q){—l). If it vanishes for any 
t E I, then there exists a family {r]t}teA as above such that ur coincides with a^ over /, 
because / is an uncountable set. By hypothesis, the limit of ar for t — *> is zero, and so 
is the value of a^ at the origin. This implies that rjo belongs to 

HomMHs(Q,Griif2(j^^^Q)(l)) 

using Poincare duality. Therefore ryo = by (5.1.1), and hence rjt = for any t G A by the 
triviality of the local system. Thus we get ar — 0. But this contradicts the nonvanishing 

of /p^ Ut. 

5.3. Construction. Let y/ = C^, 5" = C, and gt : 1^/ ^ 5" be a polynomial map defined 
by gt = y^ — x'^{x + t) for t E C Taking the closure of the graph in P^ x 5", we get 
'gt : Yt ^ S' , and this gives an elliptic surface ft:Yt^S:=F'^hy taking the minimal 
model of the singular fiber over 00 G P^ using Kodaira's classification. 
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If t 7^ 0, the singular fibers over and — 4t^/27 are both rational curves with one 
ordinary double point. (For example, if we put s — y/x, then x = s^ — t^y = s{s^ — t) on 
{gt{x,y) = 0}.) So each of these singular fibers determines a higher cycle by taking the 
normalization and choosing a rational function with simple zero and pole at the pull-back 
of the double point. This is well-defined up to a sign and modulo decomposable cycles. It 
t is positive, we can choose the rational function on the singular fiber at so that 7 and 
r in (4.2) and (4.4) are given respectively by 



y, = {{x,y) eR" : gt{x,y) = 0,x < 0}, 
T', = {{x,y) eR" : gt{x,y) <0^x <0}, 



where the function is —{y — \/tx)/{y + \/tx) = —{s — \/t)/{s + \/t). 

The higher cycles constructed above are still decomposable because 1^ is a rational 
surface, and we have to take a base change. Let p : C -^ 5" be a generic hyperelliptic 
curve such that 00 e S" (= P^) is a ramification point, but G 5" is not. We assume that 
H^{Cj Q) does not contain a Hodge structure isomorphic to the cohomology of the elliptic 
curve defined by y^ = x^ + 1 (with j-invariant 0) . Let ft'-Xt^Che the minimal model of 
the base change of ft : Yt ^ S by p. (Actually, we can also consider the open surface with 
the singular fiber over 00 deleted, because 1 is not an eigenvalue of the local monodromy 
of i?H/t)*QyJs' around 00 so that RHft)*QY, = ^j*j~^RHft).QY, where j : S' ^ S 
denotes the inclusion, and similarly for the pull-back by p.) We assume that p is not 
ramified over 0, and choose a point of C over 0. Let 74 be the connected component of 
the pull-back of 7^ contained in the fiber over 0. There is a connected component Ft of 
the pull-back of r[ such that dVt = 7t for t sufficiently small. 

5.4 Remarks, (i) The image of r[ by gt is the interval [— 4^*^/27, 0], and F^ gives a 
degeneration of 7^ C Yt^o as c ^ — 4t^/27, i.e. 7^ is the vanishing cycle associated to 
the singular fiber over — 4t"^/27. The cohomological nondegeneration is related to the 
phenomenon that two Ai-singularities appear by a deformation of a holomorphic function 
with an isolated singularity of type A2, i.e. two A 1 -singularities of a function can join and 
degenerate to an A2-singularity. 

(ii) Instead of the hyperelliptic curve C, it is also possible to consider an m-fold cyclic 
covering of P^ ramified over two points a and 00 if a is generic and m is prime to 6 and 
strictly greater than 6. 

5.5. Theorem. If e is sufficiently small, then {Xt} satisfies the assumptions o/(5.2). 
Indeed, the hypotheses are satisfied by the following lemmas and proposition: 

5.6. Lemma. The family {Xt} is cohomologically nondegenerate. 
Proof. For t G A we have 

H\S\R\ft).QyAs') = H\S\R\gt).QYi) = ^, 

see e.g. [24]. In particular, these groups are constant for t G A, and this holds also for the 
cohomology of its restriction over a small open disk with center in 5" if e is sufficiently 
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small, because there are no singular fibers over the complement of the disk in S' if t is 
sufficiently small. (Note that by hypothesis, the direct image sheaf is defined over US'^ 
and its restriction to each S'^ is -R^((7t)*Qy; moreover, a similar assertion holds for the 
pull-back by p.) So we can use the Mayer- Vietoris sequence to show that the cohomology 
of the pull-back of the sheaf to C is constant, and the assertion follows. 

5.7. Lemma. The elliptic surface Xq has essentially no nontrivial section. 

Proof. The local system associated to /o has a finite monodromy group, and is trivialized 
by taking the pull-back under a finite base change. This holds also for the local system 
associated to Xq, and it is enough to show that there is essentially no nontrivial section (see 
(5.1.1)) for the constant elliptic surface over C whose fiber Xc is defined by the equation 
y^ = x^ + 1. But the self-duality of H^{Xc, Q) implies 

Hom(Q, H\X,, Q) ® H\C, Q)(1)) = Rom{H\X,, Q), H\C, Q)), 

and the assertion follows from the hypothesis. 

5.8. Proposition. The integral Jp uJt does not vanish for some holomorphic 2-from ut. 
Proof. We may assume that C is given by the equation s^ = h{z) with 



23+1 

h{z) = n ( 

i=i 



z~aj), 



where z is the coordinate of S", the aj are generic complex numbers, and g > 1. Then 
dzj \/h{^z) is a nonzero 1-form on C. We show that there is a nonzero 2-form ujt on Xt 
whose restriction to Yl Xgi C is dx A dy/f^^/h{z), where C is the inverse image of 5". 
(This is rather trivial if we assume that the genus of C is sufficiently large, compared with 
the order of the pole of dx A dy/f^dz.) 

Let cUi-ei = dx A dy/f^dz. It gives a section of {ft)*^Yt/s by [36], because o^rei satisfies 
the Gauss hypergeometric differential equation 

z{z + 4tV27)a|u;rei + (2-2 + 4tV27)a^c^rei + (5/36)c^rei = 0, 

(via the Gauss-Manin connection, see e.g. [24]), and the roots of its indicial equation [18] 
at 0, — 4t^/27, oo are respectively {0, 0}, {0, 0} and {1/6, 5/6}. Similarly, p^u-^ei is extended 
to a section of (the direct image of) cuxt/c? because the roots of the indicial equation at 
p~^(oo) are 1/3, 5/3. Then it gives a nonzero section oiuJXt by using the section dz/ yh{z) 
of cuc, and it coincides with the above 2-form uit- 

To show Jp UJt 7^ 0, we may assume that the aj are real and sufficiently small so that 

f* \/h{z) > on Ft. Then the assertion is clear. 
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